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Introducción

Basado en:
1 Caṕıtulos 10 y 15 de Networks, Crowds, and Markets:

Reasoning about a Highly Connected World.
2 Position Auctions. Hal Varian, 2006. International Journal of

Industrial Organization.

Aplicación: Subastas de avisos publicitarios en motores de
busqueda.
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Subastas de avisos publicitarios en motores de busqueda

Empresas ofertan por keywords: Costo por click y se conoce el
click through rate de cada posición.

Es un negocio de billones de dólares anuales. Constituye la
mayor fuente de ingresos de Google.

Dos ideas claves:
1 Costo por click (CPC): es el valor que las firmas le pagan a

Google cada que una persona entra al link de la empresa por
una busqueda de palabras claves. Depende de la posición en el
resultado de la busqueda.

2 La posición en la que aparecen los links de cada empresa se
determina en una subasta (depende de la oferta del CPC de las
empresas).
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Mercados de emparejamientos

Tres perspectivas:
1 Mercados de emparejamientos: valoraciones binarias o

discretas conocidas (suponemos que son las verdaderas).

1 Mecanismo centralizado sin precios.
2 Mercado descentralizado con precios.

2 VCG (Vickrey): mecanismo para revelar verdaderas
valoraciones.

3 Subasta generalizada de segundo precio (Google,Yahoo).



Emparejamientos en grafos bipartitos

Consideremos grafos bipartitos con el mismo número de nodos
de cada clase.

1 Nodos: Dormitorios y estudiantes.
2 Enlaces: Dormitorios aceptables para cada estudiante (solo hay

enlaces entre estudiantes y dormitorios).

Un emparejamiento es perfecto si eliminando algunos enlaces
se obtiene un grafo en el que cada par de nodos (uno de
estudiantes y otro de dormitorios) quedan unidos por uno y
solo un enlace.



Emparejamientos perfectos
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(b) A Perfect Matching

Figure 10.1: (a) An example of a bipartite graph. (b) A perfect matching in this graph,
indicated via the dark edges.

based on preferences, and these preferences will be expressed in network form, but there is

no explicit buying, selling, or price-setting. This first setting will also be a crucial component

of the more complex ones that follow.

Bipartite Graphs. The model we start with is called the bipartite matching problem, and

we can motivate it via the following scenario. Suppose that the administrators of a college

dormitory are assigning rooms to returning students for a new academic year; each room

is designed for a single student, and each student is asked to list several acceptable options

for the room they’d like to get. Students can have different preferences over rooms; some

people might want larger rooms, quieter rooms, sunnier rooms, and so forth — and so the

lists provided by the students may overlap in complex ways.

We can model the lists provided by the students using a graph, as follows. There is a

node for each student, a node for each room, and an edge connecting a student to a room if

the student has listed the room as an acceptable option. Figure 10.1(a) shows an example

with five students and five rooms (indicating, for instance, that the student named Vikram

has listed each of Rooms 1, 2, and 3 as acceptable options, while the student named Wendy

only listed Room 1).

This type of graph is bipartite, an important property that we saw earlier, in a different



Conjunto de nodos de estudiantes restringido

Un conjunto de nodos de estudiantes es restringido si el
conjunto de sus vecinos (nodos de que tiene por lo menos un
enlace con ellos) es estrictamente menor que el numero de
nodos del conjunto de estudiantes.280 CHAPTER 10. MATCHING MARKETS
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Figure 10.2: (a) A bipartite graph with no perfect matching. (b) A constricted set demon-
strating there is no perfect matching.

and Xin, taken together, has collectively provided only two options for rooms that would

be acceptable to any of them. With three people and only two acceptable rooms, there is

clearly no way to construct a perfect matching — one of these three people would have to

get an option they didn’t want in any assignment of rooms.

We call the set of three students in this example a constricted set, since their edges to

the other side of the bipartite graph “constrict” the formation of a perfect matching. This

example points to a general phenomenon, which we can make precise by defining in general

what it means for a set to be constricted, as follows. First, for any set of nodes S on the

right-hand side of a bipartite graph, we say that a node on the left-hand side is a neighbor

of S if it has an edge to some node in S. We define the neighbor set of S, denoted N(S), to

be the collection of all neighbors of S. Finally, we say that a set S on the right-hand side is

constricted if S is strictly larger than N(S) — that is, S contains strictly more nodes than

N(S) does.

Any time there’s a constricted set S in a bipartite graph, it immediately shows that there

can be no perfect matching: each node in S would have to be matched to a different node

in N(S), but there are more nodes in S than there are in N(S), so this is not possible.

Teorema: Un grafo bipartito tiene un emparejamiento perfecto
si y solamente si no hay un conjunto de nodos restringidos.



Valoración discretas y asignaciones óptimas

Considere el caso de propiedades y compradores. Suponga que
cada agente tiene una valoración por cada una de las
propiedades.

Un emparejamiento es óptimo si es perfecto y maximiza la
suma de las valoraciones.10.1. BIPARTITE GRAPHS AND PERFECT MATCHINGS 281
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Figure 10.3: (a) A set of valuations. Each person’s valuations for the objects appears as a
list next to them. (b) An optimal assignment with respect to these valuations.

So it’s fairly easy to see that constricted sets form one kind of obstacle to the presence of

perfect matchings. What’s also true, though far from obvious, is that constricted sets are in

fact the only kind of obstacle. This is the crux of the following fact, known as the Matching

Theorem.

Matching Theorem: If a bipartite graph (with equal numbers of nodes on the left

and right) has no perfect matching, then it must contain a constricted set.

The Matching Theorem was independently discovered by Denes König in 1931 and Phillip

Hall in 1935 [280]. Without the theorem, one might have imagined that a bipartite graph

could fail to have a perfect matching for all sorts of reasons, some of them perhaps even too

complicated to explain; but what the theorem says is that the simple notion of a constricted

set is in fact the only obstacle to having a perfect matching. For our purposes in this chapter,

we will only need to use the fact that the Matching Theorem is true, without having to go

into the details of its proof. However, its proof is elegant as well, and we describe a proof of

the theorem in Section 10.6 at the end of this chapter.

One way to think about the Matching Theorem, using our example of students and

rooms, is as follows. After the students submit their lists of acceptable rooms, it’s easy for

the dormitory administrators to explain to the students what happened, regardless of the

outcome. Either they can announce the perfect matching giving the assignment of students

to rooms, or they can explain that no assignment is possible by indicating a set of students

who collectively gave too small a set of acceptable options. This latter case is a constricted

set.

El problema de emparejamiento perfecto es un caso particular
de este (suponidendo que una porpiedad solo puede tener un
comprador). Basta considerar valoraciones uno a las
propiedades aceptables y cero las demás.



Grafo de vendedores preferidos

Descentralización del problema.

vij la valoración que j tiene de i . Si el precio de i es pi el
beneficio neto para j es: vij − pi .

Lo agentes maximizan su beneficio neto. Esto define el grafo
de los vendedores preferidos para cada comprador.

El mercado de emparejamiento está en equilibrio si existe una
asignación perfecta en la que cada agente esta maximizando
su beneficio neto (equivalentemente si existe una asignación
tal que el emparejamiento resultante es óptimo ).



Precios y equilibrio

10.3. PRICES AND THE MARKET-CLEARING PROPERTY 285
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Figure 10.5: (a) Three sellers (a, b, and c) and three buyers (x, y, and z). For each buyer node, the

valuations for the houses of the respective sellers appear in a list next to the node. (b) Each buyer creates a

link to her preferred seller. The resulting set of edges is the preferred-seller graph for this set of prices. (c)

The preferred-seller graph for prices 2, 1, 0. (d) The preferred-seller graph for prices 3, 1, 0.

of buyer j, provided the payoff from these sellers is not negative. We say that buyer j has

no preferred seller if the payoffs vij − pi are negative for all choices of i.

In Figures 10.5(b)-10.5(d), we show the results of three different sets of prices for the

same set of buyer valuations. Note how the sets of preferred sellers for each buyer change

depending on what the prices are. So for example, in Figure 10.5(b), buyer x would receive a

payoff of 12−5 = 7 if she buys from a, a payoff of 4−2 = 2 if she buys from b, and 2−0 = 2

if she buys from c. This is why a is her unique preferred seller. We can similarly determine

the payoffs for buyers y (3, 5, and 6) and z (2, 3, and 2) for transacting with sellers a, b, and

c respectively.



Precios y equilibrio

Teorema: Para cualquier conjunto de valoraciones existe un
precio de equilibrio.

Las asignaciones resultantes son óptimas (obsérvese que en
equilibrio se está maximizando el beneficio neto y por lo tanto
la suma de las valoraciones).

Cómo se encuentran estos precios de equilibrio?



Precios y equilibrio: Subasta para descubrir precios de
equilibrio

Se comienza con precios cero para todas las casas.

Se forma el grafo de los vendedores preferidos.

Si este es un emparejamiento perfecto estos son precios de
equilibrio.

Si no es aśı existe un conjunto restringido de compradores S .
Sea N(S) sus vecinos.

El resultado es que existe un exceso de demanda de N(S).

Los precios de cada N(S) se incrementan en una unidad.

Si en algun momento todos los precios son extrictamente
positivos se substrae el menor valor de todos para normalizar
el menor valor a cero.



Precios y equilibrio: Subasta para descubrir precios de
equilibrio
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Figure 10.6: The auction procedure applied to the example from Figure 10.5. Each separate picture shows

steps (i) and (ii) of successive rounds, in which the preferred-seller graph for that round is constructed.

(a) In the first round, all prices start at 0. The set of all buyers forms a constricted set S, with
N(S) equal to the seller a. So a raises his price by one unit and the auction continues to the
second round.

(b) In the second round, the set of buyers consisting of x and z forms a constricted set S, with
N(S) again equal to the seller a. Seller a again raises his price by one unit and the auction
continues to the third round. (Notice that in this round, we could alternately have identified
the set of all buyers as a different constricted set S, in which case N(S) would have been
the set of sellers a and b. There is no problem with this — it just means that there can be
multiple options for how to run the auction procedure in certain rounds, with any of these
options leading to market-clearing prices when the auction comes to an end.)

(c) In the third round, the set of all buyers forms a constricted set S, with N(S) equal to the
set of two sellers a and b. So a and b simultaneously raise their prices by one unit each, and
the auction continues to the fourth round.

(d) In the fourth round, when we build the preferred-seller graph, we find it contains a perfect
matching. Hence, the current prices are market-clearing and the auction comes to an end.



Precios y equilibrio

La subasta inglesa es un caso particular.

Si consideramos el caso de una unidad que debe ser vendida a
varios compradores (subasta estándar de una unidad) esta se
puede reducir a un problema de emparejamiento con varios
vendedores ficticios que los compradores valoran en cero.

Ejercicio: Mostrar que en este caso el mecanismo de
formación de precios coincide con la subasta inglesa (i.e.,
segundo precio).
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Subastas de avisos publicitarios en motores de busqueda

Sea ri el click through rate del aviso en posición i y vj el
beneficio esperado de un click para el anunciante j .

Entonces vij = rivj es la valoración que j tiene del aviso i .

Si el vendedor del espacio anuncia el precio pi por el esapcio i
entonces este problema es formalmente el mismo al problema
de emparejamiento estudiado anteriormente.
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Subastas de avisos publicitarios en motores de busqueda

Luego existe un vector de precios de equilibrio (el
emparejamiento asociado es óptimo).

Sin embargo, este vector de precios depende de que el
subastador conozca las valoraciones (presumiblemente
valoraciones privadas).
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VCG

Los agentes revelan sus valoraciones por cada espacio
publicitario (no necesarimanete sinceramente).

Usando estas valoraciones el subastador hacer una asignación
óptima (que necesariamente maximiza la suma de las
valoraciones del emparejamiento).

Ahora cada agente paga según la externalidad que genera su
particpación.
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VCG
15.3. ENCOURAGING TRUTHFUL BIDDING INMATCHINGMARKETS: THE VCG PRINCIPLE447
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Figure 15.4: The VCG price an individual buyer pays for an item can be determined by working out how

much better off all other buyers would be if this individual buyer were not present.

of notation due to the multiple items and valuations. First, let S denote the set of sellers and

B denote the set of buyers. Let V S
B denote the maximum total valuation over all possible

perfect matchings of sellers and buyers — this is simply the value of the socially optimal

outcome with all buyers and sellers present.

Now, let S− i denote the set of sellers with seller i removed, and let B− j denote the set

of buyers with buyer j removed. So if we give item i to seller j, then the best total valuation

the rest of the buyers could get is V S−i
B−j : this is the value of the optimal matching of sellers

and buyers when we’ve taken item i and buyer j out of consideration. On the other hand, if

buyer j simply didn’t exist, but item i were still an option for everyone else, then the best

total valuation the rest of the buyers could get is V S
B−j. Thus, the total harm caused by



VCG vs. Vickrey en subastas de múltiples unidades

Obsérvese que, a diferencia de las subastas de múltiples
unidades, en esta subasta a cada agente se le da uno y solo un
espacio.

VCG es reveladora de la verdadera valoración en estrategias
dominantes débilmente.



Emparejamiento y Subastas de Avisos Publicitarios en Motores de Busqueda
Mercados de emparejamientos

Subastas de avisos publicitarios en motores de busqueda
VCG

Subasta generalizada de segundo precio (GSP)

Contenido

1 Emparejamiento y Subastas de Avisos Publicitarios en Motores
de Busqueda

2 Mercados de emparejamientos

3 Subastas de avisos publicitarios en motores de busqueda

4 VCG

5 Subasta generalizada de segundo precio (GSP)
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Subasta generalizada de segundo precio

Los anunciantes ofertan cuanto están dispuesto a pagar por
click (una única oferta) por busquedas de ciertas palabras
claves.

Se ordenan las ofertas de mayor a menor y de esa forma se
asignan los espacios.

Cada anunciante paga el costo de la oferta del anunciante
inmediatamente debajo.

GSP no es reveladora de las verdaderas disponibilidades a
pagar por click.

Tiene múltiples equilibrios de Nash y algunos no son óptimos.

Sin embargo, existe por lo menos un equilibrio óptimo.
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Subasta generalizada de segundo precio
Supongamos que hay tres espacios publicitarios para ser vendidos y
tres compradores de ciertas palabras clave. Los espacios los
denotamos por a, b, c y estos tienen clickthrough rates 10, 4 y 0
respectivamente. Denotamos los compradores por x , y , z y sus
ganacias estimadas por click 7, 6 y 1 respectivamente.

1 Ilustrar como un grafo bipartito o problema de
emparejamiento la información del problema.

2 Mostrar que ofertar la verdadera valoración no es un equilibrio
cuando se usa la subasta generalizada de segundo precio GSP
(i.e., si x reduce de forma unilateral su oferta a 5 mejora).

3 Mostrar que si los compradores ofertan 5, 4 y 2
respectivamente en la subasta GSP este es un equilibrio. Cuál
es el ingreso del subastador?

4 Mostrar que si los compradores ofertan 3, 5 y 1
respectivamente en la subasta GSP este es un equilibrio. Cuál
es el ingreso del subastador?

5 Cómo se comparan estos ingresos con los ingresos de usar el
mecanismo VCG?


	Emparejamiento y Subastas de Avisos Publicitarios en Motores de Busqueda
	Mercados de emparejamientos
	Subastas de avisos publicitarios en motores de busqueda
	VCG
	Subasta generalizada de segundo precio (GSP)

