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Validación y Selección de Modelos

Principales Técnicas

Las técnicas más relevantes se pueden clasificar según el tipo
de problema que se estudia.

Análisis supervisado:
1 Clasificación: loǵıstico, árboles, boosting de árboles, redes

neuronales.
2 Regresión: regresión lineal, shrinkage, redes neuronales, kernels.

Análisis no supervisado:
1 Conglomerados (clusters).
2 Reglas de associación.
3 Análisis digital.

Principales Técnicas UNIANDES y Quantil | Matemáticas Aplicadas



Principales Técnicas: Loǵıstico

Supongamos y ∈ {0, 1}. El modelo de clasificación loǵıstico
supone que:

P(y = 1 | x) = f (xTβ) =
1

1 + e−xTβ
(1)

donde P(y = 1 |x) es la probabilidad de que el resultado sea 1
cuando las caracteŕısticas observadas son x .
La forma de estimar β es mediante el método de máxima
versosimilitud. La idea es maximizar:

f (xT1 β)y1(1− f (xT1 β))1−y1 × ...f (xTn β)yn(1− f (xn)Tβ)1−yn

(2)



Principales Técnicas: CART, árboles, Boosting de árboles

La idea es hacer separaciones secuenciales de los datos de acuerdo
a cada variable independiente.

306 9. Additive Models, Trees, and Related Methods
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FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.



Principales Técnicas: CART, árboles, Boosting de árboles

La idea es hacer separaciones secuenciales de los datos de
acuerdo a cada variable independiente.
Sean R1, ...,RM un conjunto de regiones.
Cada región la clasificamos como cero o uno dependiendo de
la proporcion de datos observados con resultado cero o uno.
Sea p(m, 1) La cantidad de unos en la región m como
proporción de la cantidad de observaciones en esa región.
Sea k(m) = 1 si p(m, 1) > p(m, 0).
Definimos el error de clasificación como
L(m) = 1− p(m, k(m))
Ahora repetimos el siguiente algoritmo.

1 Para determinar el primer nodo, la variable que hace separación es
aquella que minimiza el error de clasificación.

2 En cada nodo se elige la variable (entre las que no se han usado
para separar anteriormente) que minimiza el error de clasificación.

3 Se continua hasta completar M nodos.
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FIGURE 9.5. The pruned tree for the spam example. The split variables are
shown in blue on the branches, and the classification is shown in every node.The
numbers under the terminal nodes indicate misclassification rates on the test data.



Principales Técnicas: CART, árboles, Boosting de árboles

Un excelente clasificador cuando se combina con boosting

338 10. Boosting and Additive Trees
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m=1 αmGm(x)
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FIGURE 10.1. Schematic of AdaBoost. Classifiers are trained on weighted ver-
sions of the dataset, and then combined to produce a final prediction.

The predictions from all of them are then combined through a weighted
majority vote to produce the final prediction:

G(x) = sign

(
M∑

m=1

αmGm(x)

)
. (10.1)

Here α1, α2, . . . , αM are computed by the boosting algorithm, and weight
the contribution of each respective Gm(x). Their effect is to give higher
influence to the more accurate classifiers in the sequence. Figure 10.1 shows
a schematic of the AdaBoost procedure.
The data modifications at each boosting step consist of applying weights

w1, w2, . . . , wN to each of the training observations (xi, yi), i = 1, 2, . . . , N .
Initially all of the weights are set to wi = 1/N , so that the first step simply
trains the classifier on the data in the usual manner. For each successive
iteration m = 2, 3, . . . ,M the observation weights are individually modi-
fied and the classification algorithm is reapplied to the weighted observa-
tions. At step m, those observations that were misclassified by the classifier
Gm−1(x) induced at the previous step have their weights increased, whereas
the weights are decreased for those that were classified correctly. Thus as
iterations proceed, observations that are difficult to classify correctly re-
ceive ever-increasing influence. Each successive classifier is thereby forced



Principales Técnicas: Regresión lineal, shrinkage, redes
neuronales, kernels

La caracteŕıstica principal es que permite introducir no
linealidades.

11.3 Neural Networks 393
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FIGURE 11.2. Schematic of a single hidden layer, feed-forward neural network.

Thinking of the constant “1” as an additional input feature, this bias unit
captures the intercepts α0m and β0k in model (11.5).
The output function gk(T ) allows a final transformation of the vector of

outputs T . For regression we typically choose the identity function gk(T ) =
Tk. Early work in K-class classification also used the identity function, but
this was later abandoned in favor of the softmax function

gk(T ) =
eTk

∑K
ℓ=1 e

Tℓ

. (11.6)

This is of course exactly the transformation used in the multilogit model
(Section 4.4), and produces positive estimates that sum to one. In Sec-
tion 4.2 we discuss other problems with linear activation functions, in par-
ticular potentially severe masking effects.
The units in the middle of the network, computing the derived features

Zm, are called hidden units because the values Zm are not directly ob-
served. In general there can be more than one hidden layer, as illustrated
in the example at the end of this chapter. We can think of the Zm as a
basis expansion of the original inputs X; the neural network is then a stan-
dard linear model, or linear multilogit model, using these transformations
as inputs. There is, however, an important enhancement over the basis-
expansion techniques discussed in Chapter 5; here the parameters of the
basis functions are learned from the data.



Conglomerados, Reglas de Asosiación, Análisis Digital

El problema es describir la distribución las variables
independientes.

Permite detectar asociaciones entre variables cuando estas son
poco frecuentes.

Los conceptos claves son:

1 El soporte de un conjunto de variables es la probabilidad de encontrar
esos valores entre los valores de las variables independientes.

2 Una regla A⇒ B se le asigna una confianza igual a la probabilidad
condicional de B dado A.

T́ıpicamente se busca un soporte bajo y una confianza alta.
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Principales Técnicas
Validación y Selección de Modelos

Selección de Modelos
Validación de Modelos

Validación y Selección de Modelos

Objetivos complementarios en un probema de mineŕıa de datos.

1 Selección de modelos.

2 Validación de modelos.
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Principales Técnicas
Validación y Selección de Modelos

Selección de Modelos
Validación de Modelos

Selección de Modelos

En situaciones con abundancia de datos una buena práctica es
dividir aleatoriamente los datos observados (cuando el número de
datos es moderado se puede elegir únicamente entrenamiento y
prueba).

222 7. Model Assessment and Selection

The “−2” in the definition makes the log-likelihood loss for the Gaussian
distribution match squared-error loss.

For ease of exposition, for the remainder of this chapter we will use Y and
f(X) to represent all of the above situations, since we focus mainly on the
quantitative response (squared-error loss) setting. For the other situations,
the appropriate translations are obvious.

In this chapter we describe a number of methods for estimating the
expected test error for a model. Typically our model will have a tuning
parameter or parameters α and so we can write our predictions as f̂α(x).
The tuning parameter varies the complexity of our model, and we wish to
find the value of α that minimizes error, that is, produces the minimum of
the average test error curve in Figure 7.1. Having said this, for brevity we
will often suppress the dependence of f̂(x) on α.

It is important to note that there are in fact two separate goals that we
might have in mind:

Model selection: estimating the performance of different models in order
to choose the best one.

Model assessment: having chosen a final model, estimating its predic-
tion error (generalization error) on new data.

If we are in a data-rich situation, the best approach for both problems is
to randomly divide the dataset into three parts: a training set, a validation
set, and a test set. The training set is used to fit the models; the validation
set is used to estimate prediction error for model selection; the test set is
used for assessment of the generalization error of the final chosen model.
Ideally, the test set should be kept in a “vault,” and be brought out only
at the end of the data analysis. Suppose instead that we use the test-set
repeatedly, choosing the model with smallest test-set error. Then the test
set error of the final chosen model will underestimate the true test error,
sometimes substantially.

It is difficult to give a general rule on how to choose the number of
observations in each of the three parts, as this depends on the signal-to-
noise ratio in the data and the training sample size. A typical split might
be 50% for training, and 25% each for validation and testing:

TestTrain Validation TestTrain Validation TestValidationTrain Validation TestTrain

The methods in this chapter are designed for situations where there is
insufficient data to split it into three parts. Again it is too difficult to give
a general rule on how much training data is enough; among other things,
this depends on the signal-to-noise ratio of the underlying function, and
the complexity of the models being fit to the data.

Para datos panel: Tratar los datos como un pool si la dimensión
temporal no es tan relevante y validar fuera de muestra (modelos
de scoring, deserción).

Para datos de series de tiempo: procedimiento estandar de series
de tiempo o emular una muestra de entrenamiento y prueba que
cubra el msmo horizonte.
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Bootstrap

Cuando no hay muchos datos una alternativa es hacer
bootstrapping.

250 7. Model Assessment and Selection
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FIGURE 7.12. Schematic of the bootstrap process. We wish to assess the sta-
tistical accuracy of a quantity S(Z) computed from our dataset. B training sets
Z∗b, b = 1, . . . , B each of size N are drawn with replacement from the original
dataset. The quantity of interest S(Z) is computed from each bootstrap training
set, and the values S(Z∗1), . . . , S(Z∗B) are used to assess the statistical accuracy
of S(Z).

where S̄∗ =
∑

b S(Z
∗b)/B. Note that V̂ar[S(Z)] can be thought of as a

Monte-Carlo estimate of the variance of S(Z) under sampling from the
empirical distribution function F̂ for the data (z1, z2, . . . , zN ).

How can we apply the bootstrap to estimate prediction error? One ap-
proach would be to fit the model in question on a set of bootstrap samples,
and then keep track of how well it predicts the original training set. If
f̂∗b(xi) is the predicted value at xi, from the model fitted to the bth boot-
strap dataset, our estimate is

Êrrboot =
1

B

1

N

B∑

b=1

N∑

i=1

L(yi, f̂
∗b(xi)). (7.54)

However, it is easy to see that Êrrboot does not provide a good estimate in
general. The reason is that the bootstrap datasets are acting as the training
samples, while the original training set is acting as the test sample, and
these two samples have observations in common. This overlap can make
overfit predictions look unrealistically good, and is the reason that cross-
validation explicitly uses non-overlapping data for the training and test
samples. Consider for example a 1-nearest neighbor classifier applied to a
two-class classification problem with the same number of observations in

Esta estrategia es útil para determinar intervalos de confianza de
un estimador, hacer pruebas de hipótesis en muestras pequeñas.



Bootstrap

No es tan útil para hacer predicciones fuera de muestra
(intuitivamente, los mismos datos con los que se entrena se usan
para validar).

Para clases desbalanceadas una modificación de bootstapping es
muy útil para mejorar el poder de clasificación: sub Bagging.

La técnica de validación cruzada mitiga este problema.



Validación cruzada

242 7. Model Assessment and Selection

ValidationTrain

1 2 3 4 5

Train Train Train

For the kth part (third above), we fit the model to the other K−1 parts
of the data, and calculate the prediction error of the fitted model when
predicting the kth part of the data. We do this for k = 1, 2, . . . ,K and
combine the K estimates of prediction error.

Here are more details. Let κ : {1, . . . , N} 7→ {1, . . . ,K} be an indexing
function that indicates the partition to which observation i is allocated by
the randomization. Denote by f̂−k(x) the fitted function, computed with
the kth part of the data removed. Then the cross-validation estimate of
prediction error is

CV(f̂) =
1

N

N∑

i=1

L(yi, f̂
−κ(i)(xi)). (7.48)

Typical choices of K are 5 or 10 (see below). The case K = N is known
as leave-one-out cross-validation. In this case κ(i) = i, and for the ith
observation the fit is computed using all the data except the ith.

Given a set of models f(x, α) indexed by a tuning parameter α, denote

by f̂−k(x, α) the αth model fit with the kth part of the data removed. Then
for this set of models we define

CV(f̂ , α) =
1

N

N∑

i=1

L(yi, f̂
−κ(i)(xi, α)). (7.49)

The function CV(f̂ , α) provides an estimate of the test error curve, and we
find the tuning parameter α̂ that minimizes it. Our final chosen model is
f(x, α̂), which we then fit to all the data.

It is interesting to wonder about what quantity K-fold cross-validation
estimates. With K = 5 or 10, we might guess that it estimates the ex-
pected error Err, since the training sets in each fold are quite different
from the original training set. On the other hand, if K = N we might
guess that cross-validation estimates the conditional error ErrT . It turns
out that cross-validation only estimates effectively the average error Err,
as discussed in Section 7.12.

What value should we choose for K? With K = N , the cross-validation
estimator is approximately unbiased for the true (expected) prediction er-
ror, but can have high variance because the N “training sets” are so similar
to one another. The computational burden is also considerable, requiring
N applications of the learning method. In certain special problems, this
computation can be done quickly—see Exercises 7.3 and 5.13.



Validación cruzada y regularización

Una forma usual de elegir un parámetro de regularización (i.e.,
penalización) es hacer validación cruzada, ı́ndice H.
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Modelos de regresión: AIC, R2, MAPE, etc.

Modelo de clasificación: Curva ROC y curva de calibración
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Curva ROC

La curva ROC y el área bajo la curva es uno de los métodos más
importantes de validación para problemas de clasificación.



Curva ROC

Receiver operating characteristic
We also briefly explain the concept of an ROC curve. The construction of
an ROC curve is illustrated in figure 2, showing possible distributions of
rating scores for defaulting and non-defaulting debtors. For a perfect rat-
ing model, the left distribution and the right distribution in figure 2 would
be separate. For real rating systems, perfect discrimination in general is not
possible. Both distributions will overlap, as illustrated in figure 2.

Assume someone has to find out from the rating scores which debtors
will survive during the next period and which debtors will default. One
possibility for the decision-maker would be to introduce a cutoff value C
as in figure 2, and to classify each debtor with a rating score lower than C
as a potential defaulter and each debtor with a rating score higher than C
as a non-defaulter. Then four decision results would be possible. If the rat-
ing score is below the cutoff value C and the debtor defaults subsequent-
ly, the decision was correct. Otherwise the decision-maker wrongly
classified a non-defaulter as a defaulter. If the rating score is above the cut-
off value and the debtor does not default, the classification was correct.
Otherwise, a defaulter was incorrectly assigned to the non-defaulters group.

Using the notation of Sobehart & Keenan (2001), we define the hit rate
HR(C) as:

where H(C) (equal to the light area in figure 2) is the number of default-
ers predicted correctly with the cutoff value C, and ND is the total number
of defaulters in the sample. The false alarm rate FAR(C) (equal to the dark
area in figure 2) is defined as:

where F(C) is the number of false alarms, that is, the number of non-de-
faulters that were classified incorrectly as defaulters by using the cutoff
value C. The total number of non-defaulters in the sample is denoted by
NND. The ROC curve is constructed as follows. For all cutoff values C that
are contained in the range of the rating scores the quantities HR(C) and
FAR(C) are calculated. The ROC curve is a plot of HR(C) versus FAR(C).
This is shown in figure 3.

A rating model’s performance is better the steeper the ROC curve is at
the left end and the closer the ROC curve’s position is to the point (0, 1).
Similarly, the larger the area below the ROC curve, the better the model.
We denote this area by A. It can be calculated as:

The area A is 0.5 for a random model without discriminative power and it

A HR FAR d FAR= ( ) ( )∫
0

1

FAR C
F C

NND

( ) =
( )

HR C
H C

ND

( ) =
( )

is 1.0 for a perfect model. It is between 0.5 and 1.0 for any reasonable rat-
ing model in practice.

Connection between ROC curves and CAP curves
We prove a relation between the accuracy ratio and the area under the
ROC curve (A) in order to demonstrate that both measures are equivalent.
By a simple calculation, we get for the area aP between the CAP of the
perfect rating model and the CAP of the random model:

We introduce some additional notation. If we randomly draw a debtor from
the total sample of debtors, the resulting score is described by a random
variable ST. If the debtor is drawn randomly from the sample of defaulters
only, the corresponding random variable is denoted by SD, and if the debtor
is drawn from the sample of non-defaulters only, the random variable is
denoted by SND. Note that HR(C) = P(SD < C) and FAR(C) = P(SND < C).

To calculate the area aR between the CAP of the rating model being
validated and the CAP of the random model, we need the cumulative dis-
tribution function P(ST < C), where ST is the distribution of the rating scores
in the total population of all debtors. In terms of SD and SND, the cumula-
tive distribution function P(ST < C) can be expressed as:

Since we assumed that the distributions of SD and SND are continuous, we
have P(SD = C) = P(SND = C) = 0 for all attainable scores C.

Using this, we find for the area aR:

With these expressions for aP and aR, the accuracy ratio can be calculated as:

This means that the accuracy ratio can be calculated directly from the area
below the ROC curve and vice versa.2 Hence, both summary statistics con-
tain the same information.
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3. Receiver operating characteristic curves

Los modelos de clasificación binaria se pueden extender a
clasificación en múltiples categorias.



Curva ROC: Explicación

Sea M el total de unos, M el total de ceros y T = M + B.

El verdaderos positivos (hit rate) se define como: Los que
resultaron malos entre los que se pronosticaron malos sobre M.

Los falsos positivos se define como: Los que salieron buenos entre
los que se pronosticaron como malos sobre B

Entre más cerca este la curva del eje vertical y el eje horizontal
superior mmejor el poder de clasificación global: para una misma
tasa de falsos positivos, una mayor tasa de acierto.

Obsérvese que ambos modelos pronostican diferentes números de
malos.



Curva ROC: Explicación

El modelo aleatorio tiene una curva ROC de 45 grados.



Curva de calibración

Mide el error entre las frecuencias pronosticadas de un evento y
las frecuencias observadas de ocurrencia.

En las aplicaciones de aprendizaje de máquinas a medicina es
estándar y se usa una prueba χ2 para determinar la significacia
estad́ıstica de la diferencia.

Es manipulable.
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