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Matemáticas en acción

LDA
Aplicaciones

Contents

1 Modelo de Cadenas de Markov
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Un Modelo del Lenguaje

El objetivo es calcular la probabilidad de una frase
W = (w1,w2, . . . ,wn):

P(W ) = P(w1,w2, . . . ,wn) (1)

Está muy relacionado con el cálculo de la probabilidad de la
”palabra siguiente”:

P(w5|w4, . . . ,w1) (2)

Una distribución de probabilidad que nos de cualquiera de los
dos valores es un Modelo de Lenguaje.

Uniandes - Quantil Fundamentos PLN



Regla de la cadena

Recordemos la regla de Bayes:

P(A,B) = P(A|B)P(B) (3)

Para más variables:

P(A,B,C ,D) = P(A)P(B|A)P(C |B,A)P(D|C ,B,A) (4)

Entonces...

P(falta, mucho, tiempo) = (5)

P(falta)P(mucho|falta)P(tiempo|mucho,falta) (6)



Probabilidad de una proposción

De acuerdo a lo anterior tenemos que:

P(W ) =
n∏

i=1

P(wi |wi−1 . . .w1) (7)

¿Cómo podemos estimar esas probabilidades?

¿Podemos simplemente buscar las frecuencias emṕıricas?

P(clara|el agua es muy) =

count(el agua es muy clara)

count(el agua es muy)



Calcular la probabilidad

Lamentablemente, nunca tendŕıamos un corpus aśı de grande.
Muchas combinaciones de 5 palabras (o 5−gramas) nunca
estaŕıan en el corpus.

Para poder estimar necesitamos hacer algunas simplificaciones.

Vamos a suponer que las proposiciones se comportan como
una cadena de Markov.

P(clara|el agua es muy) = P(clara|muy) (8)

La probabilidad de la palabra i , sólo está condicionada por la
palabra anterior (¿o las dos anteriores?)



Unigramas

El modelo más simple son los unigramas, donde:

P(wn|wn−1, . . .w1) ≈ P(wn) (9)

Otro menos simple son los bigramas, donde:

P(wn|wn−1 . . .w1) = P(wn|wn−1) (10)

Se puede extender a trigramas, 4−gramas, 5−gramas,etc.

Cada vez son más costosos de estimar y siguen sin capturar
las dependencias largas del lenguaje.

”El perro que hab́ıa estado merodeando la plaza me mordió”



Calculando bigramas

Las probabilidades de los bigramas se pueden estimar
fácilmente contando en el corpus de entrenamiento.

P(w2|w1) =
count(w1,w2)

count(w1)
=

c(w1,w2)

c(w1)
(11)

Ejemplo: Esta clase es larga, muy larga y aburridora pero
parece que algo enseñan de lo larga.
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Matriz de conteo



Suavizamiento

¿Cuál es el problema con los bigramas que ocurren cero veces
en el corpus?

Para poder calcular las probabilidades en este caso y que todo
no se vaya a cero, hacemos suavización.

Suavizamiento de Laplace: Sumar 1 en todas las cuentas de
bigramas.

P(w2|w1) =
c(w1,w2) + 1

c(w1) + |V | (12)



Corpora

Google N−gram release, 2006. Consta de más de un trillón
de palabras, y da las probabilidades estimadas para más de un
billón de 5−gramas que aparecen al menos 40 veces.

Google books N−grams. Disponible en varios idiomas,
incluyendo español.



Evaluar un modelo de lenguaje

¿Cómo podemos evaluar un modelo de lenguaje?

Evaluación extŕınseca: Mirar el desempeño de ese modelo
frente a otros modelos en tareas prácticas espećıficas.

Evaluación intŕınseca: Evaluar la verosimilitud del modelo
en un corpus de prueba, que sea similar al de entrenamiento.

Una medida común de verosimilitud es la perplejidad:

PP(W ) = P(w1,w2, . . . ,wn)−
1
n (13)
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Matemáticas en acción

Un psicólogo de una prisión en California se acercó al
Departamento de Estad́ıstica de Stanford con esto:

BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 46, Number 2, April 2009, Pages 179–205
S 0273-0979(08)01238-X
Article electronically published on November 20, 2008

THE MARKOV CHAIN MONTE CARLO REVOLUTION

PERSI DIACONIS

Abstract. The use of simulation for high-dimensional intractable computa-
tions has revolutionized applied mathematics. Designing, improving and un-
derstanding the new tools leads to (and leans on) fascinating mathematics,
from representation theory through micro-local analysis.

1. Introduction

Many basic scientific problems are now routinely solved by simulation: a fancy
random walk is performed on the system of interest. Averages computed from the
walk give useful answers to formerly intractable problems. Here is an example
drawn from course work of Stanford students Marc Coram and Phil Beineke.

Example 1 (Cryptography). Stanford’s Statistics Department has a drop-in con-
sulting service. One day, a psychologist from the state prison system showed up
with a collection of coded messages. Figure 1 shows part of a typical example.

Figure 1:

The problem was to decode these messages. Marc guessed that the code was a
simple substitution cipher, each symbol standing for a letter, number, punctuation
mark or space. Thus, there is an unknown function f

f : {code space} −→ {usual alphabet}.
One standard approach to decrypting is to use the statistics of written English to
guess at probable choices for f , try these out, and see if the decrypted messages
make sense.

Received by the editors August 5, 2008.
2000 Mathematics Subject Classification. Primary 60J20.

c©2008 American Mathematical Society
Reverts to public domain 28 years from publication
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Matemáticas en acción

Los estudiantes supusieron que el mensaje se pod́ıa decodificar
de la forma:

f : {Śımbolos del mensaje} → {Alfabeto tradicional}

El número de posibilidades para f es muy grande.

Para juzgar la plausibilidad de que una f en particular
podemos definir una medida de rendimiento.

Tomaron un libro estándar (e.g. One Hundred Year of
Solitude) y calcularon la frecuencia con la que después del
śımbolo x segúıa el śımbolo y .

Interpretamos esto como la probabilidad de transición de x a
y en el idioma Inglés (i.e. una cadena de Markov).
Denotamos por M(x , y) esta frecuencia.
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Tomaron un libro estándar (e.g. One Hundred Year of
Solitude) y calcularon la frecuencia con la que después del
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Matemáticas en acción

Ahora resolvemos este problema:

max
f ∈F

∏
M(f (si ), f (si+1)) (14)

Este problema se resuelve usando al algoritmo de Metropolis -
Hasting (un truco muy creativo!)

Ahora, por qué esto funcionaŕıa? Para ganar un poco de
confianza en el modelo veamos el resultado en un caso
conocido.
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Matemáticas en acción

Revolver todos los śımbolos de este párrafo de Hamlet:

180 PERSI DIACONIS

To get the statistics, Marc downloaded a standard text (e.g., War and Peace)
and recorded the first-order transitions: the proportion of consecutive text symbols
from x to y. This gives a matrix M(x, y) of transitions. One may then associate a
plausibility to f via

Pl(f) =
∏

i

M (f(si), f(si+1)) ,

where si runs over consecutive symbols in the coded message. Functions f which
have high values of Pl(f) are good candidates for decryption. Maximizing f ’s were
searched for by running the following Markov chain Monte Carlo algorithm:

• Start with a preliminary guess, say f .
• Compute Pl(f).
• Change to f∗ by making a random transposition of the values f assigns to

two symbols.
• Compute Pl(f∗); if this is larger than Pl(f), accept f∗.
• If not, flip a Pl(f∗)/Pl(f) coin; if it comes up heads, accept f∗.
• If the coin toss comes up tails, stay at f .

The algorithm continues, trying to improve the current f by making random trans-
positions. The coin tosses allow it to go to less plausible f ’s, and keep it from
getting stuck in local maxima.

Of course, the space of f ’s is huge (40! or so). Why should this Metropolis
random walk succeed? To investigate this, Marc tried the algorithm out on a
problem to which he knew the answer. Figure 2 shows a well-known section of
Shakespeare’s Hamlet.

Figure 2:

The text was scrambled at random and the Monte Carlo algorithm was run.
Figure 3 shows sample output.

Figure 3:



Matemáticas en acción
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Matemáticas en acción

Resultado decodificación mensaje presos:

THE MARKOV CHAIN MONTE CARLO REVOLUTION 181

After 100 steps, the message is a mess. After two thousand steps, the decrypted
message makes sense. It stays essentially the same as further steps are tried. I find
it remarkable that a few thousand steps of this simple optimization procedure work
so well. Over the past few years, friends in math and computer science courses
have designed homework problems around this example [17]. Students are usually
able to successfully decrypt messages from fairly short texts; in the prison example,
about a page of code was available.

The algorithm was run on the prison text. A portion of the final result is shown
in Figure 4. It gives a useful decoding that seemed to work on additional texts.

Figure 4:

I like this example because a) it is real, b) there is no question the algorithm found
the correct answer, and c) the procedure works despite the implausible underlying
assumptions. In fact, the message is in a mix of English, Spanish and prison jargon.
The plausibility measure is based on first-order transitions only. A preliminary
attempt with single-letter frequencies failed. To be honest, several practical details
have been omitted: we allowed an unspecified “?” symbol in the deviation (with
transitions to and from “?” being initially uniform). The display in Figure 4 was
“cleaned up” by a bit of human tinkering. I must also add that the algorithm
described has a perfectly natural derivation as Bayesian statistics. The decoding
function f is a parameter in a model specifying the message as the output of a
Markov chain with known transition matrix M(x, y). With a uniform prior on f ,
the plausibility function is proportional to the posterior distribution. The algorithm
is finding the mode of the posterior.

In Section 2, I explain Markov chains and the Metropolis algorithm more care-
fully. A closely related Markov chain on permutations is analyzed in Section 3.
The arguments use symmetric function theory, a bridge between combinatorics and
representation theory.

A very different example — hard discs in a box — is introduced in Section 4. The
tools needed for study are drawn from analysis, micro-local techniques (Section 5)
along with functional inequalities (Nash and Sobolev inequalities).

Throughout, emphasis is on analysis of iterates of self-adjoint operators using
the spectrum. There are many other techniques used in modern probability. A brief
overview, together with pointers on how a beginner can learn more, is in Section 6.
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Modelo documentos

Definition

Un vocabulario V es un conjunto finito de elementos diferentes.
Los elementos del vocabulario son la unidades básicas de análisis
(e.g., palabras).

Definition

Un documento sobre un vocabulario V es una sucesión de
elementos w = (w1, . . . ,wn) con wi ∈ V . N es la longuitud del
documento w.

Definition

Un Corpus D = {w1, . . . ,wM} es un conjunto de documentos
sobre un vocabulario V . M es el tamaño del Corpus .

Uniandes - Quantil Fundamentos PLN



Latent Dirichlet Allocation (LDA)

LDA es un modelo probabiĺıstico generativo de un corpus.

La idea es que los documentos son representados como
mezclas aleatorias sobre tópicos latentes, donde cada tópico
es caracterizado como una distribución sobre palabras.



Latent Dirichlet Allocation (LDA)

LDA asume el siguiente proceso generativo para cada
documento: w en un corpus D (fijemos un número de tópicos
k):

1 Escoja N ∼ Poisson(ξ).
2 Escoja θ ∼ Dirichlet(α).
3 Para cada una de las N palabras wn:

Escoja un tópico zn ∼ Multinomial(θ).
Escoja una palabra wn de p(wn | zn, β), una distribución de
probabilidad multinomial condicionada en el tópico zn, donde
β es una matriz de dimensiones k × V , donde
βij = p(w j = 1 | z i = 1).

4 El objetivo es estimar la distribución de las palabras
condicionales al tópico (β).



Latent Dirichlet Allocation (LDA)

Dados los parámetros α y β, la función de probabilidad
conjunta de una mezcla de tópicos θ, un conjunto de k
tópicos y un conjunto de N palabras está dado por:

p(θ, z ,w | α, β) = p(θ | α)
N∏

n=1

p(zn | θ)p(wn | zn, β), (15)

donde p(zn | θ) es θi para el único i tal que z in = 1.
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Ejemplo Tópicos

LATENT DIRICHLET ALLOCATION

\Arts" \Budgets" \Children" \Education"

NEW MILLION CHILDREN SCHOOL

FILM TAX WOMEN STUDENTS

SHOW PROGRAM PEOPLE SCHOOLS

MUSIC BUDGET CHILD EDUCATION

MOVIE BILLION YEARS TEACHERS

PLAY FEDERAL FAMILIES HIGH

MUSICAL YEAR WORK PUBLIC

BEST SPENDING PARENTS TEACHER

ACTOR NEW SAYS BENNETT

FIRST STATE FAMILY MANIGAT

YORK PLAN WELFARE NAMPHY

OPERA MONEY MEN STATE

THEATER PROGRAMS PERCENT PRESIDENT

ACTRESS GOVERNMENT CARE ELEMENTARY

LOVE CONGRESS LIFE HAITI

TheWilliam Randolph HearstFoundationwill give $1.25 million to Lincoln Center,Metropoli-
tan Opera Co.,New York PhilharmonicandJuilliard School. “Our board felt that we had a
real opportunity to make a mark on thefuture of theperforming arts with thesegrants anact
everybit asimportant as ourtraditional areasof support in health, medicalresearch,education
and thesocial services,” Hearst Foundation PresidentRandolph A. Hearst saidMonday in

announcingthegrants. Lincoln Center’s share will be $200,000 for its new building, which
will house young artists andprovide new public facilities. TheMetropolitan Opera Co. and
New York Philharmonicwill receive $400,000each. TheJuilliard School, wheremusic and
theperforming arts aretaught, will get $250,000. TheHearst Foundation,a leading supporter
of the Lincoln Center Consolidated CorporateFund, will make its usualannual $100,000

donation, too.

Figure 8: An example article from the AP corpus. Each color codes a different factor from which
the word is putatively generated.
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Validación: Perplejidad

Una forma común de evaluar el rendimiento de un modelo de
lenguaje es la perplejidad:

perplejidad(D) = exp(−
∑M

d=1 log(p(wd))
∑M

d=1Nd

)
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Aplicación: Modelación de Documentos

BLEI, NG, AND JORDAN

0 10 20 30 40 50 60 70 80 90 100
1400

1600

1800

2000

2200

2400

2600

2800

3000

3200

3400

Number of Topics

P
er

pl
ex

ity

Smoothed Unigram
Smoothed Mixt. Unigrams
LDA
Fold in pLSI

0 20 40 60 80 100 120 140 160 180 200
2500

3000

3500

4000

4500

5000

5500

6000

6500

7000

Number of Topics

P
er

pl
ex

ity
Smoothed Unigram
Smoothed Mixt. Unigrams
LDA
Fold in pLSI

Figure 9: Perplexity results on the nematode (Top) and AP (Bottom) corpora for LDA, the unigram
model, mixture of unigrams, and pLSI.
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Aplicación: Clasificación
LATENT DIRICHLET ALLOCATION
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Figure 10: Classification results on two binary classification problems from the Reuters-21578
dataset for different proportions of training data. Graph (a) isEARN vs. NOT EARN.
Graph (b) isGRAIN vs. NOT GRAIN.
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Figure 11: Results for collaborative filtering on the EachMovie data.

Figure 10 shows our results. We see that there is little reduction in classification performance
in using the LDA-based features; indeed, in almost all cases the performance is improved with the
LDA features. Although these results need further substantiation, they suggest that the topic-based
representation provided by LDA may be useful as a fast filtering algorithm for feature selection in
text classification.
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Aplicación: Filtros Colaborativo

En esta aplicación un conjunto de usuarios califica una
colección de peĺıculas. En este caso: Un usuario es un
documento y las peliculas las palabras.

LATENT DIRICHLET ALLOCATION
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