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Statistical Learning

Most Statistical Learning techniques fall into one of the
following two categories:

1 Supervised Learning: Data take the form {(x1, y1), ..., (xn, yn)}
where y are the output variables.

The aim is to study the behavior of the output variable y
(response variable) conditional on the independent variables x
(predictor variables).
Mathematically: study and describe the distribution of y
conditional on x .

2 Unsupervised Learning: Data takes the form {x1, ..., xn}, there
are inputs but no output to supervise.

The aim is study the x variables (inputs), its patterns,
clusters, etc.
Mathematically: study the distribution of x .

Foundations of Machine Learning A. Riascos
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Statistical Learning

To ilustrate the main ideas, let’s focus on the classification
task (applications: credit granting, fraud, customer profiling,
etc).

Suppose we have a sample τn = {(x1, y1), ..., (xn, yn)}
independently generated by a distribution P(X ,Y ) where
y ∈ {0, 1}.
The distribution P is unknown.

Assumption: sample is i.i.d.

Denote Ξ the space of independent variables (x ∈ Ξ) and Υ
the space of dependent variables (y ∈ Υ).

A learning function is a function f : Ξ→ Υ. Intuitively, given
an observation of x , the function selects a response f (x).
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Statistical Learning: Loss function

The standard way to evaluate the performance of a learning
function for the classification task is using a loss function.

Let L : Ξ×Υ×Υ→ {0, 1}. Given an observation (x , y), if
f (x) 6= y then L(x , y , f (x)) = 1 and L(x , y , f (x)) = 0
otherwise (standard Loss function for binary classification
tasks).

The most common way to measure the loss in a regression
task is using the squared error: L(x , y , f (x)) = (f (x)− y)2
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Statistical Learning: Functions and Machine Learning

A Machine Learning algorithm M, is an algorithm that enable
us to build a learning function form each sample τn.

Let F be the set of all learning functions (i.e., fn : Ξ→ Υ),
then:

M : (Ξ×Υ)n → F (1)

is a machine learning algorithm.

M(τn) is denoted by fn. The learning function fn depends on
the size of the sample n. For different samples we get different
Learning functions.
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Statistical Learning: Pillars

Approximation Error (bias) vs Estimation Error (Variance).

Consistency.

The problem of empirical risk minimization.

Capacity.
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Two Workhorses of Statistical Learning

Two workhorses (algorithms) of statitical learning are:

1 K-Nearest Neighbors.
2 Linear Regression Model.

Foundations of Machine Learning A. Riascos



Two Workhorses: K-Nearest Neighbors

Suppose you have a concept of distance between predictors.

Define k as the number of neighbors that the Learning
function uses to classify.

Given a sample τn and x ∈ Ξ, we identify the k points
{xi1 , ..., xik} that are closest to x .

The learning function in binary classification tasks is defined
based on the number of {k : yik = 1}: majority vote.

For regression tasks we estimate the average.

We denote these learning machines as K − NNn.
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Two Workhoses: K-Nearest Neighbors

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2

15-Nearest Neighbor Classifier
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FIGURE 2.2. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1) and then fit
by 15-nearest-neighbor averaging as in (2.8). The pre-
dicted class is hence chosen by majority vote amongst
the 15-nearest neighbors.
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Note that this learning function fits better in-sample and is
more complex than the previous one.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 2
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FIGURE 2.3. The same classification example in two
dimensions as in Figure 2.1. The classes are coded as
a binary variable (BLUE = 0, ORANGE = 1), and then
predicted by 1-nearest-neighbor classification.



Two Workhorses: Linear Regression

Suppose that yi = βTn xi where we include a 1 as the first
coordinate in every vector xi (the constant in the linear
regression model).
Defining β̂n as the estimator of ordinary least squares.
Note that β̂n defines a learning function f OLS

n (x) = 1 if
βTn x > 0,5 and zero otherwise.
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FIGURE 3.1. Linear least squares fitting with
X ∈ IR2. We seek the linear function of X that mini-
mizes the sum of squared residuals from Y .
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Two Workhorses: Linear Regression Model

Black line corresponds to βTn xi = 0,5.
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FIGURE 2.1. A classification example in two di-
mensions. The classes are coded as a binary variable
(BLUE = 0, ORANGE = 1), and then fit by linear re-
gression. The line is the decision boundary defined by

xT β̂ = 0.5. The orange shaded region denotes that part
of input space classified as ORANGE, while the blue region
is classified as BLUE.



Statistical Learning: The Classification Task

The Overfitting problem.

Note that if the true model is the straight line, the empirical
error of the curve is zero but the curve generalizes badly. The
line’s empirical error is larger than zero but the line
generalizes better. And viceversa.

In the first case, the curve is more complex, the variance is
high and the bias is low. In the second case, the line is less
complex, the variance is low but the bias is high.

y

x

Figure 1: Suppose we want to estimate a functional dependence from a set of examples (black dots).
Which model is preferable? The complex model perfectly fits all data points, whereas the straight
line exhibits residual errors. Statistical learning theory formalizes the role of the capacity of the
model class, and gives probabilistic guarantees for the validity of the inferred model (from Schölkopf
and Smola (2002)).

There exist two different types of consistency in the literature, depending on the taste of the
authors, and both of them are usually just called “consistency” without any distinction. To
introduce these concepts, let us make the following notation. Given any particular classification
algorithm, by fn we will denote its outcome on a sample of n training points. It is not important
how exactly the algorithm chooses this function. But note that any algorithm chooses its functions
from some particular function space F. For some algorithms this space is given explicitly, for others
it only exists implicitly via the mechanism of the algorithm. No matter how this space F is defined,
the algorithm attempts to chooses the function fn ∈ F which it considers as the best classifier in
F, based on the given training points. On the other hand, in theory we know precisely what the
best classifier in F is: it is the one that has the smallest risk. For simplicity, we assume that it is
unique and denote it as fF, that is

fF = argmin
f∈F

R(f). (3)

The third classifier we will talk about is the Bayes classifier fBayes introduced in Equation (2)
above. This is the best classifier which exists at all. In the notation above we could also denote it
by fFall

(recall the notation Fall for the space of all functions). But as it is unknown to the learner,
it might not be contained in the function space F under consideration, so it is very possible that
R(fF) > R(fBayes). With the notation for these three classifiers fn, fF, and fBayes we can now
define different types of convergence:

Definition 1 Let (Xi, Yi)i∈N be an infinite sequence of training points which have been drawn
independently from some probability distribution P . Let ` be a loss function. For each n ∈ N, let
fn be a classifier constructed by some learning algorithm on the basis of the first n training points.

1. The learning algorithm is called consistent with respect to F and P if the risk R(fn) converges
in probability to the risk R(fF) of the best classifier in F, that is for all ε > 0,

P (R(fn)−R(fF) > ε)→ 0 as n→∞.

2. The learning algorithm is called Bayes-consistent with respect to P if the risk R(fn) converges
to the risk R(fBayes) of the Bayes classifier, that is for all ε > 0,

P (R(fn)−R(fBayes) > ε)→ 0 as n→∞.

3. The learning algorithm is called universally consistent with respect to F (resp. universally
Bayes-consistent) if it is consistent with respect to F (resp. Bayes-consistent) for all proba-
bility distributions P .

7
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Risk

Given a learning function f , the risk of f is defined as:

R(f ) = EP [L(X ,Y , f (X ))]

where P is the joint distribution of X ,Y , the true data
generatig process.

Notice that P is unknown so you cannot actually estimate the
risk of a learning function. We will develop techniques to
estimate this risk.

Notice also that R(f ) is just the out of sample error of the
learning function f (also called test error).

The analogous in-sample error (also called training error) is
the called the empirical risk.
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Learning Problem

Define F0 as a set of functions (i.e., a subset of F the set of
all functions).

The learning problem is to solve:

f ∗ = argminf ∈F0R[f ] (2)

Note that F0 can be the set of all functions. When we want to
make the space F0 explicit, we define f ∗ as fF0 .

If F0 = F then f ∗ is called the Bayes Classifier (fBayes).

Notice that since P is unknown you cannot actually solve the
learning function. You can do experimental simulations.
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Learning Problem

We can summarize the primary objetive of statistical learning
as follows: Given a finite sample τn and a loss function L, we
want to find a space of functions F0 and a optimal classifier
fF0 such that its risk is as close as possible to the Bayes
Classifier.

The empirical risk of a classifier is not necessarily a good
estimator of risk.
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Bias vs. Variance Tradeoff
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FIGURE 2.4. Misclassification curves for the simula-
tion example used in Figures 2.1, 2.2 and 2.3. A single
training sample of size 200 was used, and a test sample
of size 10, 000. The orange curves are test and the blue
are training error for k-nearest-neighbor classification.
The results for linear regression are the bigger orange
and blue squares at three degrees of freedom. The pur-
ple line is the optimal Bayes error rate.

Simulation exercise: 200 examples (training set), 10.000
examples (test set).

Foundations of Machine Learning A. Riascos



Bias vs. Variance Tradeoff

38 2. Overview of Supervised Learning
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FIGURE 2.11. Test and training error as a function of model complexity.

be close to f(x0). As k grows, the neighbors are further away, and then
anything can happen.

The variance term is simply the variance of an average here, and de-
creases as the inverse of k. So as k varies, there is a bias–variance tradeoff.
More generally, as the model complexity of our procedure is increased, the

variance tends to increase and the squared bias tends to decrease. The op-
posite behavior occurs as the model complexity is decreased. For k-nearest
neighbors, the model complexity is controlled by k.
Typically we would like to choose our model complexity to trade bias

off with variance in such a way as to minimize the test error. An obvious
estimate of test error is the training error 1

N

∑
i(yi − ŷi)

2. Unfortunately
training error is not a good estimate of test error, as it does not properly
account for model complexity.

Figure 2.11 shows the typical behavior of the test and training error, as
model complexity is varied. The training error tends to decrease whenever
we increase the model complexity, that is, whenever we fit the data harder.
However with too much fitting, the model adapts itself too closely to the
training data, and will not generalize well (i.e., have large test error). In

that case the predictions f̂(x0) will have large variance, as reflected in the
last term of expression (2.46). In contrast, if the model is not complex
enough, it will underfit and may have large bias, again resulting in poor
generalization. In Chapter 7 we discuss methods for estimating the test
error of a prediction method, and hence estimating the optimal amount of
model complexity for a given prediction method and training set.



Aproximation Error vs. Estimation Error
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Figure 2: Illustration of estimation and approximation error.

Recall the definitions fn, fF and fBayes introduced above. We have seen that Bayes-consistency
deals with the convergence of the term R(fn) − R(fBayes). Note that we can decompose this
quantity in the following way:

R(fn)−R(fBayes) =
(
R(fn)−R(fF)

)

︸ ︷︷ ︸
estimation error

+
(
R(fF)−R(fBayes)

)

︸ ︷︷ ︸
approximation error

(4)

The two terms on the right hand side have particular names: the first one is called the estimation
error and the second one the approximation error; see also Figure 2 for an illustration. The rea-
sons for these names are as follows. The first term deals with the uncertainty introduced by the
random sampling process. That is, given the finite sample, we need to estimate the best function
in F. Of course, in this process we will make some (hopefully small) error. This error is called the
estimation error. The second term is not influenced by any random quantities. It deals with the
error we make by looking for the best function in a (small) function space F, rather than looking
for the best function in the entire space Fall of all functions. The fundamental question in this
context is how well functions in F can be used to approximate functions Fall in the space of all
functions. Hence the name approximation error.

In statistics, estimation error is also called the variance, and the approximation error is called the
bias of an estimator. Originally, these terms were coined for the special situation of regression
with squared error loss, but by now people use them in more general settings, like the one outlined
above. The intuitive meaning is the same: the first term measures the variation of the risk of the
function fn estimated on the sample, the second one measures the “bias” introduced in the model
by choosing too small a function class.

At this point, we would already like to point out that the space F is the means to balance the
trade-off between estimation and approximation error; see Figure 3 for an illustration and Sec-
tions 4 and 5 for an in-depth discussion. If we choose a very large space F, then the approximation
term will become small (the Bayes classifier might even be contained in F or can be approximated
closely by some element in F). The estimation error, however, will be rather large in this case:
the space F will contain complex functions which will lead to overfitting. The opposite effect will
happen if the function class F is very small.

In the following, we will deal with the estimation error and approximation error separately. We
will see that they have rather different behavior and that different methods are needed to control
both. Traditionally, SLT has a strong focus on the estimation error, which we will discuss in greater
depth in Sections 4 and 5. The approximation error will be treated in Section 7.
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Aproximation Error vs. Estimation Error

estimation error

risk

complexity of the function class

approximation error

Figure 3: The trade-off between estimation and approximation error. If the function space F used
by the algorithm has a small complexity, then the estimation error is small, but the approximation
error is large (underfitting). If the complexity of F is large, then the estimation error is large, while
the approximation error is small (overfitting). The best overall risk is achieved for “moderate”
complexity.

3 Consistency and generalization for the k-nearest neighbor
classifier

For quite some time, until 1977, it was not known whether a universally consistent classifier exists.
This question has been solved positively by Stone (1977) who showed by an elegant proof that
a particular classifier, the so-called k-nearest neighbor classifier, is universally consistent. As the
k-nearest neighbor classifier is one of the simplest classifiers and is still widely used in practice,
we would like to spend this section illustrating the notions introduced in the last section such as
generalization, overfitting, underfitting, and consistency at the example of the k-nearest neighbor
classifier.

Assume we are given a sample of points and labels (X1, Y1), ..., (Xn, Yn) which live in some metric
space. This means that we have some way of computing distances between points in this space.
Very generally, the paradigm of learning is to assign “similar output to similar inputs”. That is, we
believe that points which are “close” in the input space tend to have the same label in the output
space. Note that if such a statement does not hold, learning becomes very difficult or even impos-
sible. For successful learning, there needs to be some way to relate the labels of training points
to those of test points, and this always involves some prior assumptions about relations between
input points. The easiest such relation is a distance between points, but other ways of measuring
similarity, such as “kernels,” exist and indeed form the basis of some of the most popular existing
learning algorithms (Schölkopf and Smola, 2002).

So assume that there exists a distance function on the input space, that is a function d : X×X→ R

which assigns a distance value d(X,X ′) to each pair of training points X,X ′. Given some training
points, we now want to predict a good label for a new test point X. A simple idea is to search for
the training point Xi which has the smallest distance to X, and then give X the corresponding
label Yi of that point. To define this more formally, denote by NN(X) the nearest neighbor of X
among all training points, that is

NN(X) = argmin {X ′ ∈ {X1, ..., Xn}
∣∣ d(X,X ′) ≤ d(X,X ′′) for all X ′′ ∈ {X1, ..., Xn}}.

We can then define the classifier fn based on the sample of n points by

fn(X) = Yi where Xi = NN(X).

This classifier is also called the 1-nearest neighbor classifier (1NN classifier). A slightly more
general version is the k-nearest neighbor classifier (kNN classifier). Instead of just looking at the
closest training point, we consider the closest k training points, and then take the average over all
their labels. That is, we define the k-nearest neighbors kNN(X) of X as the set of those k training
points which are closest to X. Then we set the kNN classifier

10
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Introduction

Defining y as the interest variable, we don’t know how y
relates to x0 (exogenous variable: economic policy) and x
(covariates).

The aim is to maximize a known function Π(x0, y).

The decision depends on:

∂Π

∂x0
=
∂Π

∂x0
(x0, y) +

∂Π

∂y
(x0, y)

∂y

∂x0
(x0)

1 Even though Π is known, the effect of x0 depends on y
(prediction problem).

2 The second term depends on how x0 affects y (causality
problem).

Note that both effects depend on the prediction y .

Therefore, a policymaker must solve both problems.
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Example

Suppose that the interest variable y is defined based on
whether it rains or not. The decision in a problem could be a
ritual so that it does not rain. In another problem the decision
could be to carry or not umbrella.

The objective function can be the utility generated by going
to the park a Sunday.

The task of doing a ritual is a causality problem:

∂Π

∂x0
(x0, y) = 0

∂Π

∂x0
=
∂Π

∂y
(x0, y)

∂y

∂x0
(x0)

The ritual has no direct effect on the utility function.

It may be the case that ∂y
∂x0

(x0) 6= 0.
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Example

The problem of carrying an umbrella is a pure problem of
prediction:
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∂x0
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∂Π
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∂x0
(x0, y)

The utility of carrying an umbrella depends on whether it
rains or not.
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