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En la aproximación RWPI al problema de inferencia y
regularización estudiada, la distribución emṕırica solo se usa
para centrar la bola en la métrica de Wasserstein: Uδ(Pn).

El objetivo de este art́ıculo es informar la forma de esta bola
usando los datos observados.

La definición de la distribuciones palusibles depende de la
función de costo de transporte y la métrica de Wasserstein.
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Algunas otras métricas son útiles, por ejemplo Kullback -
Leibler, pero fuerzan las distribuciones a tener el mismo
soporte de la distribución emṕırica y pueden tener un
problema de sobre ajuste (referencias).

La métrica de Wasserstein captura caracteŕısticas globales del
espacio de distribuciones.
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Este art́ıculo no estudia la pertinencia de la métrica de
Wasserstein sino, formas informadas por los datos observados
de construir la función de costos.

En el problema estudiado hasta ahora:

c((x , y), (x ′, y ′)) =
∥∥x − x ′

∥∥2

q
+∞I(y 6= y ′)

El énfasis es en la utilización de técnicas de aprendizaje de
métricas.

En los ejemplos el parámetro de regularización se elige usando
validación cruzada.



Optimización Robusta de Distribuciones basada en Datos

Este art́ıculo no estudia la pertinencia de la métrica de
Wasserstein sino, formas informadas por los datos observados
de construir la función de costos.

En el problema estudiado hasta ahora:

c((x , y), (x ′, y ′)) =
∥∥x − x ′

∥∥2

q
+∞I(y 6= y ′)
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Optimización Robusta de Distribuciones basada en Datos

La idea es elegir una función de costos que penalice el
transporte entre dos puntos cuando esto implica impactar
considerablemente el riesgo (esperado?).

Como aplicación muestran como recuperar algunos
estimadores en el contexto de regularización adaptativa.
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et al. (2016), that δ∗(n)→ 0 at a suitable rate. For instance, in the linear regression setting corre-
sponding to (2), if the data is i.i.d. with finite variance and the linear regression model holds then
δ∗(n) = χ1−α (1 + o (1)) /n as n → ∞ (where χα is the α quantile of an explicitly characterized
distribution).

In practice, one can also choose δ by cross-validation. The work of Blanchet et al. (2016) compares
the asymptotically optimal choice δ∗(n) against cross-validation, concluding that the performance
is comparable in the experiments performed. In this paper, we use cross validation to choose δ, but
the insights behind the limiting behavior of (5) are useful, as we shall see, to inform the design of
our algorithms.

More generally, the DRO formulation (1) is appealing because the distributional uncertainty endows
the estimation of β directly with a mechanism to enhance generalization properties. To wit, we
can interpret (1) as a game in which we (the outer player) choose a decision β, while the adversary
(the inner player) selects a model which is a perturbation, P , of the data (encoded by Pn). The
amount of the perturbation is dictated by the size of δ which, as discussed earlier, is data driven.
But the type of perturbation and how the perturbation is measured is dictated by Dc(P, Pn). It
makes sense to inform the design of Dc(·) using a data-driven mechanism, which is our goal in this
paper. The intuition is to allow the types of perturbations which focus the effort and budget of
the adversary mostly on out-of-sample exploration over regions of relevance.

The type of benefit that is obtained by informing Dc (P, Pn) with data is illustrated in Figure 1(a)
below. Figure 1(a) illustrates a classification task. The data roughly lies on a lower dimensional

Figure 1. Stylized examples illustrating the need for data-driven cost function.

non-linear manifold. Some data which is classified with a negative label is seen to be “close” to
data which is classified with a positive label when seeing the whole space (i.e. R2) as the natural
ambient domain of the data. However, if we use a distance similar to the geodesic distance intrinsic
to the manifold we would see that the negative instances are actually far from the positive instances.
So, the generalization properties of the algorithm would be enhanced relative to using a standard
metric in the ambient space, because with a given budget δ the adversarial player would be allowed
perturbations mostly along the intrinsic manifold where the data lies and instances which are
surrounded (in the intrinsic metric) by similarly classified examples will naturally carry significant
impact in testing performance. A quantitative example to illustrate this point will be discussed in
the sequel.

Usar una métrica a lo largo de la variedad en la que
aproximadamente se encuentran las observaciones mejora los
resultados del problema de optimización robusta. Fuerza al
adversario a elegir distrbuciones plausibles que concentran su
masa de tranporte a lo largo de la variedad donde localmente
los ejemplos son de la misma clase.
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Aprendizaje de Métricas: Mahalanobis

Sea {(Xi ,Yi )}i=1,...,n una muestra i.i.d. Xi ∈ Rd , Yi ∈ R.

Supongamos que tenemos un grafo ({Xi}i=1,...,N ,R) y se
definen dos conjuntos
M = {(Xi ,Xj) : XiRXj},N = {(Xi ,Xj) :6= XiRXj}.
Sea PSD el conjunto de matrices reales cuadradas simétricas
semidefinidas positivas y ∆ ∈ PSD.

La distancia de Mahalanobis se define como:

d∆(x , x ′) =
√

(x − x ′)∆(x − x ′)
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Ahora considere el siguiente problema:

ḿın
∆∈PSD

∑
(Xi ,Xj )∈M

d2(Xi ,Xj)

s.t.
∑

(Xi ,Xj )∈N
d2(Xi ,Xj) ≥ λ

Se puede normalizar λ = 1.
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Dada ∆, considere la siguiente función de costos:

c∆((x , y), (x ′, y ′)) = d2
∆(x , x ′)I(y = y ′) +∞I(y 6= y ′)

y el problema de optimización robusta de distribuciones
basado en datos que se propone es:

ḿın
β

sup
Uδ(Pn;c∆)

E [l(X ,Y , β)]

Veamos el siguiente ejemplo.
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Obsérvese que a lo largo de la variable X1 se encuentra más
observaciones en distintas clases (no relacionadas). Luego si
queremos minimizar la distancia entre ellas debemos reducir el
peso en esta dimensión relativo a X2.
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Introducen técnicas de optimización para resolver el problema
de forma eficiente.

Experimentos numéricos con 5 bases reales.
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BC BN QSAR Magic MB SB

LR
Train 0± 0 .008± .003 .026± .008 .213± .153 0± 0 0± 0
Test 8.75± 4.75 2.80± 1.44 35.5± 12.8 17.8± 6.77 18.2± 10.0 14.5± 9.04

Accur .762± .061 .926± .048 .701± .040 .668± .042 .678± .059 .789± .035

LRL1
Train .185± .123 .080± .030 .614± .038 .548± .087 .401± .167 .470± .040
Test .428± .338 .340± .228 .755± .019 .610± .050 .910± .131 .588± .140

Accur .929± .023 .930± .042 .646± .036 .665± .045 .717± .041 .811± .034

DRO-L
Train .022± .019 .197± .112 .402± .039 .469± .064 .294± .046 .166± .031
Test .126± .034 .275± .093 .557± .023 .571± .043 .613± .053 .333± .018

Accur .954± .015 .919± .050 .733± .0.026 .727± .039 .714± .032 .887± .011

DRO-NL
Train .032± .015 .113± .035 .339± .044 .381± .084 .287± .049 .195± .034
Test .119± .044 .194± .067 .554± .032 .576± ..049 .607± .060 .332± .015

Accur .955± .016 .931± .036 .736± .027 .730± .043 .716± .054 .889± .009
Num Predictors 30 4 30 10 20 56

Train Size 40 20 80 30 30 150
Test Size 329 752 475 9990 125034 2951

Table 1. Numerical results for real data sets.

7. Conclusion and Discussion

Our fully data-driven DRO procedure combines a semiparametric approach (i.e. the metric learning
procedure) with a parametric procedure (expected loss minimization) to enhance the generalization
performance of the underlying parametric model. We emphasize that our approach is applicable to
any DRO formulation and is not restricted to classification tasks. An interesting research avenue
that might be considered include the development of a semisupervised framework as in Blanchet
and Kang (2017), in which unlabeled data is used to inform the support of the elements in Uδ(Pn).

References

[1] Bellet, A., Habrard, A., and Sebban, M. (2013). A survey on metric learning for feature vectors
and structured data. arXiv preprint arXiv:1306.6709.

[2] Blanchet, J. and Kang, Y. (2017). Distributionally robust semi-supervised learning. arXiv
preprint arXiv:1702.08848.

[3] Blanchet, J., Kang, Y., and Murthy, K. (2016). Robust wasserstein profile inference and appli-
cations to machine learning. arXiv preprint arXiv:1610.05627.

[4] Esfahani, P. M. and Kuhn, D. (2015). Data-driven distributionally robust optimization using
the wasserstein metric: Performance guarantees and tractable reformulations. arXiv preprint
arXiv:1505.05116.

[5] Friedman, J., Hastie, T., and Tibshirani, R. (2001). The elements of statistical learning, vol-
ume 1. Springer series in statistics Springer, Berlin.

[6] Hoerl, A. E. and Kennard, R. W. (1970a). Ridge regression: applications to nonorthogonal
problems. Technometrics, 12(1):69–82.

[7] Hoerl, A. E. and Kennard, R. W. (1970b). Ridge regression: Biased estimation for nonorthogonal
problems. Technometrics, 12(1):55–67.

[8] Hu, Z. and Hong, L. J. (2013). Kullback-leibler divergence constrained distributionally robust
optimization. Available at Optimization Online.

[9] Ishwaran, H. and Rao, J. S. (2014). Geometry and properties of generalized ridge regression in
high dimensions. Contemp. Math, 622:81–93.


	Optimización Robusta de Distribuciones basada en Datos
	Aprendizaje de Métricas
	Experimentos Numéricos

